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Coupled Thermal Model for Nonlinear Panel Flutter

D. J. Gee¤ and S. R. Sipcic†

Boston University, Boston, Massachusetts 02215

A nonlinearformulationis developed thataccounts for high-Mach-number, viscous � ow over the external surface
of an isotropic elastic panel. The formulation is unique in that the panel compressive stress is calculated as a result
of � uid/structure thermal coupling. Two distinct heat transfer mechanisms are investigated. One is due to � uid
viscosity, and the second is due to local � ow over the panel. Here, in contrast with classical panel � utter studies, the
in-plane load and dynamic pressure parameters are not wholly independent parameters. The equation of motion
is based on von Kármán large de� ection plate theory and includes a geometric nonlinearity. Using Galerkin’s
method, the resulting system of equations is solved by direct numerical integration. However, the parameter space
representing the in-plane load is extensive, and therefore, numerical integration alone is not a feasible analysis
method. As a supplement, the system of equations is analysed with a pseudoarclength continuation method. In
this way, a new periodic regime is uncovered. However, the attractor becomes unstable as a result of additional
heating.The results indicate thataerodynamicheating is the dominantheat transfer mechanism.For the conditions
studied, the dynamic system is dominated by a stable � xed-point attractor. The aerothermoelastic panel � utter
model formulated here is qualitatively similar to the classical model when the in-plane load is due to aerodynamic
heating effects only.

Nomenclature
A = area element
a = reference length
cp; cv = speci� c heat at constant pressure, volume
c1 = speed of sound
D = cylindrical stiffness, Eh3=12.1 ¡ º2/
E = Young’s modulus
h = panel thickness; also heat transfer coef� cient
ks = support stiffness
M = Mach number
Pr = Prandtl number, ¹cp=·
p = pressure
q = dynamic pressure, ½U 2=2
R = ratio of panel-to-supportaxial rigidity, .E A/p=.E A/s

R f = steady temperature recovery factor
Ru = unsteady temperature recovery factor
T = temperature
T f = temperature due to aerodynamic heating
U1 = reference velocity
u; v = streamwise and normal velocity, respectively; also

longitudinal displacement
w = transverse displacement
x; y = streamwise and normal coordinates, respectively
® = coef� cient of thermal expansion
®D = thermal diffusivity
¯k = support structure stiffness parameter, 1 C ksa=.E A/s

° = cp=cv

²x = strain component
· = � uid thermal conductivity
¸ = dynamic pressure parameter, 2q1a3=.M1 D/
¹ = ½1a=.½ph/; also dynamic viscosity
º = Poisson ratio
½ = density
¾x = stress component
P. / = d. /=dt

. /;x = @. /=@x
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Subscripts

p = panel characteristic
s = support structure characteristic
u = condition at external surface

Introduction

A EROTHERMOELASTIC considerations are important in the
design of space re-entry vehicles and high-speed aircraft. As

the name suggests, aerothermoelasticityconcerns elastic structures
under the combined effects of aerodynamic, thermodynamic, iner-
tial, and elastic forces.The mathematicalmodelingfrom� rst princi-
plesdescribingtheseinteractionsis a formidabletask.Consequently,
aerothermoelastic studies have been based on a number of simpli-
fying assumptions.

Much of the early work on panel � utter was restricted to super-
sonic speeds.A thoroughdiscussionof the fundamentalaspectswas
given by Dugundji.1 It was recognized that geometrical nonlinear-
ities due to moderate plate de� ections can play an important role
in panel � utter. This led to a number of studies that emphasized
the geometrically nonlinear aspects using a � nite de� ection plate
theory combined with � rst-order piston theory2 for generating the
unsteadyaerodynamicloads.3– 6 These studiesshowedthatwhen ge-
ometrical nonlinearities are included, the linear stability boundary
can be exceeded, thereby inducing stable limit cycle oscillations
with � nite amplitudes. Dowell3;4 has shown that nonlinear panel
� utter is capable of producing irregular behavior. More recently,
the problem was examined in the context of chaos theory.7 Related
results were obtained in the presence of inertial forces due to ma-
neuvering by Sipcic and Morino8 and by Sipcic.9 Hedgepeth10 has
shown that piston theory aerodynamics is adequate for obtaining
unsteady aerodynamic loads when compared against higher-order
aerodynamicmethods such as aerodynamic surface theory. The in-
� uence of various orders of piston theory on the stability boundary
and limit cycle amplitudes was studiedby Bein et al.11 It was found
that for high Mach numbers, a numerical solution of the unsteady
Euler equationsgives virtually identical responsesas those obtained
with the simpler piston theory.

Fung12 has consideredthe stabilityof an aerodynamicallyheated,
isotropic,curvedpanelsubject to high supersonic� ow overone side.
In this case, a stable static equilibrium is guaranteed for tempera-
tures below the critical value. However, a nontrivial limit cycle is
encountered for a panel temperature rise greater than the critical
value. The effect of a parabolic temperature distribution was con-
sidered by Schaeffer and Heard.13 It was shown that a nonlinear

642



GEE AND SIPCIC 643

temperaturedistributionmay be as important in affectingpanel � ut-
ter as a uniform compressive stress. Bein et al.11 also found that
aerodynamic heating has a strong in� uence both on the critical dy-
namic pressure, i.e., that for onset of linear instability, and on the
amplitude of the limit cycle. In all of these studies, however, the
temperature distribution was prescribed.

Several experimental studies have shown that compressive stress
induced by aerodynamicheating could initiate � utter of a � at panel
that would otherwise be stable.14;15 Furthermore, the results showed
that additionalheating could stop the � utter. Guy and Bohon15 con-
ducted a series of experiments on two- and four-bay panels of alu-
minum alloy and of stainless steel. It was shown that as the ther-
mal stress increased, increasing thickness was required to prevent
� utter.

Aerothermoelastic Panel Flutter
The effect of panel heating is twofold. First, there is reduction

in stiffness due to softening of the panel material; second, thermal
stress is generateddue to mismatch in thermalexpansioncoef� cients
of the panel and support structure. These effects, in turn, affect the
static and dynamic behavior of the panel. Only the latter effect is
studied here.

Considera panel exposed to an externalhypersonic� ow of veloc-
ityU1 over one side as shown in Fig. 1. The cavitybeneaththe panel
is internal to the � ow. The governing differential equation for the
panel transversedisplacementshouldaccountfor thermal stress cre-
ated by the � uid/structure interaction. Unsteady aerodynamic pres-
sure resultsfromsurfacedeformation.Elastic forcesare includedvia
the material strain-displacementmodel, and inertial forces are zero
when the de� ection is stationary. By combining a � nite de� ection
plate theory with piston theory, the aeroelastic problem is formu-
lated as one nonlinear integro partial differential equation (PDE)
for the panel transverse displacement. However, the classical panel
� utter model neglects aerodynamicheating and treats the two main
parameters (in-plane load and a dynamic pressure parameter) as
independent. In reality, these are coupled by thermal effects.

Fig. 1 Schematic of two-dimensional panel in hypersonic � ow.

Fig. 2 Aerothermoelastic panel � utter.

Two heat transfer mechanisms between the � uid and structure
are considered. The � rst is due to viscous � ow over the panel and
is referred to as aerodynamic heating. It is assumed that the panel
is exposed to air� ow at constant speed for a suf� cient time such
that a steady-state temperature is established. Then, Crocco’s so-
lution of the boundary-layer equations determines the temperature
increasedue to viscous effects.16 The second mechanism is inviscid
in nature. It is assumed that the unsteady temperature and pressure
above the panel are related via an isentropic � ow relation. Next,
an initial/boundary value problem (IBVP) is solved for the panel
temperature distribution. The Duhamel superposition integral is a
closed-form solution to this IBVP.17 In this way, the temperature
distribution is fully determined as a function of panel transverse
motion. Note that panel in-plane heat conduction is not accounted
for in the model. Next, thermal stress is computed as a function of
the support structure stiffness. Finally, using von Kármán plate the-
ory the equation of motion is formulated that takes into account the
thermal modeling already described.The complete model is shown
in Fig. 2.

Viscous Flow Model
For steady two-dimensional boundary-layer � ow, the conserva-

tion equations may be given as

.½u/;x C .½v/;x D 0 (1)

½.uu;x C vu ;y / D ¡p;x C .¹u ;y/;y (2)

½cp.uT;x C vT;y/ D up;x C .·T;y/;y C ¹u2
;y (3)

p D ½RT (4)

where Eq. (4) is an ideal gas relation. The pressure gradient is
determined by the frictionless external � ow. For � at plate, p;x D
¡½U1.U1/;x D 0. The applied boundary conditions may be given
as

u D 0; T;y D 0 at y D ¡h=2 (5)

u ! U1; T ! T1 as y ! ¡1 (6)

where y D 0 is the panel midplane and the positive y coordi-
nate points downward. Then, given the � uid properties [¹ D ¹.T /,
· D ·.T /] one can solve Eqs. (1–4) for the four unknowns subject
to Eqs. (5) and (6). Crocco has shown that, irrespective of the form
of the viscosity function, the temperatureas a solutionof Eqs. (1–4)
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depends solely on the velocity component parallel to the wall; i.e.,
T D T .u/. Hence, for the panel temperature one can show that

T f ¡ T1 D 1T f D R f [.° ¡ 1/=2]M2
1 T1 .7/

which follows with M1 DU1=c1 and c2
1 D .° ¡ 1/cpT1. The re-

coveryfactor R f . D
p

Pr/ accountsfor caseswhere Pr differs from
unity.

Inviscid Flow Model
Piston theory is valid for M1 À 1. The aerodynamic loads due

to panel transverse motion vary rapidly and result in nearly adia-
batic conditions at the edge of the boundary layer. The pressure and
temperature on the surface of a piston moving with velocity V may
be given as

pu

p1
D

³
1 C

° ¡ 1

2

V

c1

´ 2°
° ¡1

(8)

Tu

T1
D

³
1 C ° ¡ 1

2

V

c1

´2

(9)

where Eq. (9) is obtained from Eq. (8) under the assumption that
the pressure and temperature are related through an isentropic � ow
relation. The local transversevelocity may be expressed in terms of
the panel transverse displacementw.x; t/ as

V D w;t C U1w;x .10/

SubstitutingEq. (10) into Eqs. (8) and (9), the correspondinglinear
relations are

pu ¡ p1 D .2 q1=M1/Dt w (11)

Tu ¡ T1 D .° ¡ 1/M1T1 Dt w (12)

where Dt w ´ V=U1 D w;x C w;t=U1. Equation (12) needs to be
modi� ed to account for the � uid layer adjacent to the surface being
heated by viscous action. Therefore, it is assumed that

Tu D T f C .° ¡ 1/M1 T1 Dt w .13/

Thus, if the local velocity is zero, i.e., Dt w D 0, then pu D p1 and
Tu D T f .

For the temperature, an unsteady temperature recovery factor
Ru 2 [0; 1] is introduced such that Ru D 0 corresponds to zero net
heat transfer to the panel, whereas Ru D 1 implies perfect thermal
communicationbetween the � uid and panel.Consequently,the tem-
perature change may be expressed as

Tu ¡ T f D 1Tu D Ru.° ¡ 1/M1T1 Dt w .14/

Note that 1Tu can be positive or negative, whereas the temperature
change due to aerodynamic heating is always positive. The surface
pressureand temperaturede� ned by Eqs. (11) and (14), respectively,
are functions of the panel transverse motion through w.x; t/ only.

Heat Conduction Model
The temperature distributionthrough the panel is time dependent

due to transverse motion. Heat conduction is governed by the one-
dimensional heat conduction equation, which is given as

T;t D ®D T;yy .15/

Initially, the plate is assumed to be at constant temperature. For
t > 0, the internal surface is maintained at temperature T f , whereas
the externalsurface varies in accordancewith Eq. (14). These initial
and boundary conditions may be stated as

T .x; y; 0/ D T f (16)

T .x; h=2; t/ D T f (17)

T .x; ¡h=2; t/ D T f C Ru.° ¡ 1/M1T1 Dt w (18)

The IBVP de� ned by Eqs. (15–18) contains a time-dependent
boundarycondition.The solution to this problem has been obtained
previously by Duhamel and is given as

T .x; y; t/ D T f C
£
¡.y=h/ C 1

2

¤
1Tu C Tt .19/

where

Tt .x; y; t/ D
2

¼

1X

n D 1

.¡1/n

n
F sin

µ
n¼

³
¡

y

h
C

1

2

´¶
e¡n2t=³ .20/

with

F D F

³
x;

¡h

2
; t

´
D 1T 0

u C
Z t

0
.1Tu/;¿ en2¿=³ d¿ .21/

Here ³ . D h2=®D/ has units of time, and 1T 0
u is shorthandnotation

for 1Tu.x; ¡h=2; 0/. It is a straightforwardprocedure to show that
the temperature given by Eq. (19) satis� es Eqs. (16–18).

A simpli� cation to the precedinganalysis is obtainedby recalling
some ideas on the convectionand conductionof heat. Brie� y, when
the Biot number Bi [ D h.V=A/=k] < 0:1, it is acceptableto analyze
the temperature on a lumped-capacity type of thermal analysis.18

That is, the panel material offers such small resistance to heat � ow,
with respectto theconvectionenvironment,thatwe may considerthe
temperature to be uniform throughout the panel thickness. Said in
anotherway, the temperaturegradientwithin the panel is negligible
with respectto thatat thesurface.It canbe shownthatfor theproblem
considered here, Bi < 0:1 (Ref. 19). Hence the panel temperature
for a lumped-capacity thermal analysis may be expressed as

T .x; t/ D T f C 1Tu .22/

Structural Dynamics
The equation of motion for zero aerodynamic damping results

from equilibrium considerationsand is given by5

M;x x C .N C N E /w;x x C .pl ¡ pu/ ¡ ½phw;tt D 0 .23/

where N E is an externally applied in-plane load. To generate the
relation for w.x; t/, von Kármán large de� ection plate theory for
cylindricalbending is used. By virtue of the Kirchoff–Love hypoth-
esis, the strain–displacement relation and the thermal Hooke’s law
relation may be expressed as

²x D u;x C 1
2 w2

;x ¡ yw;x x (24)

¾x D [E=.1 ¡ º2/][²x ¡ ®.1 C º/1T ]; 1T D T ¡ Tref

(25)

where Tref is a reference temperature. With these preparations, the
axial force and bending moment are

QN D ¡.Eh/p1 NT f

µ
® p ¡

³
®s C R®p

¯k C R

´¶
¡ N E

C
Eh

a.1 ¡ º2/

Z a

0

µ
1

2
w2

;x ¡ ®p.1 C º/ NRu Dt w

¶
dx (26)

M D ¡Dw;x x (27)

where 1 NT f D T f ¡ Tref and NRu D Ru.° ¡ 1/M1 T1. Equation (26)
accounts for partially restrained thermal expansion with respect to
aerodynamicheating.The integralexpressionrepresentsthe familiar
term due to curvature shortening and an unsteady thermal thrust
term.19 To complete the formulation, the pressure difference across
the panel is expressed as

pl ¡ pu D ¡. pu ¡ p1/ C 1pst .28/

where pl denotes the internal cavity pressure. The � rst term is the
aerodynamic pressure de� ned by Eq. (11), and the second term
corresponds to the static pressure differential across the panel, i.e.,
1pst D pl ¡ p1.
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Substituting Eqs. (26–28), or appropriate derivatives, into the
equilibriumexpression,thenondimensionalPDE for thepanel trans-
verse displacementmay be given as

@4 Qw
@ Qx4

C RE
x

@ 2 Qw
@ Qx2

¡ 6
@2 Qw
@ Qx2

Z 1

0

³
@ Qw
@ Qx

´2

d Qx C @2 Qw
@ Qt 2

C ¸ QDt w

C 1 QT f 2
@2 Qw
@ Qx2

C
h

a

QRu

.1 ¡ º/

@2 Qw
@ Qx2

Z 1

0

QDt w d Qx D 1 Qpst (29)

The nondimensional variables are summarized in Appendix A.
Boundary conditions are those for a simply supported panel, and
the panel is considered to be initially displaced.Hence,

w.0; t/ D w.a; t/ D 0; w;x x .0; t/ D w;x x .a; t/ D 0 (30)

w.x; 0/ D f .x/; Pw.x; 0/ D 0 (31)

Note that, by setting both the steady and unsteady thermal terms to
zero, i.e., 1 QT f D QRu D 0, Eq. (29) is similar to the classicalaeroelas-
tic panel � utter equation.3 Similarly, for QRu D RE

x D 0, the resulting
PDE is similar to the classical panel � utter equation with the sig-
ni� cant difference that the in-plane load is now based on the � ight
conditions rather than on an externally applied in-plane load.

Galerkin’s Method
FollowingGalerkin’s method,w.x; t/ is � rst expressedas a modal

expansion:

w.x; t/ ’ WN .x; t/ D
NX

r D 1

wr .t/ sin.¼r x/ .32/

This approximation is not exact. That is, the differentialequation is
not satis� ed everywherein the domainÄ, although,byconstruction,
it is satis� ed on the closure 0 of the domain. Furthermore, only a
� nite number of terms are retained in Eq. (32). Hence, WN .x; t/ be-
longs to the linear subspaceC2

N containedwithin the space of admis-
sible functions C2 . SubstitutingEq. (32) and appropriatederivatives
into Eq. (29) produces the following representation in terms of the
modal coordinates:

.¼s/4ws .t/ ¡ RE
x .¼s/2 ws.t/ C 3

X

k

.¼k/2w2
k .t/.¼ s/2ws .t/

C Rws.t/ C 2¸
X

k;k 6D s

sk

s2 ¡ k2
[1 ¡ .¡1/s C k ]wk.t/

C
³

¸¹

M1

´ 1
2

Pws .t/ ¡ 1T f 2.¼ s/2ws.t/

¡
h

a

NRu

.1 ¡ º/

³
¹

¸M1

´ 1
2 X

k

[1 ¡ .¡1/k ]
.¼k/

Pwk .t/.¼s/2ws .t/

D 21pst
[1 ¡ .¡1/s]

¼s
; s D 1; 2; : : : (33)

Note the tilde notation has been dropped for clarity. In Eq. (33), the
cubicnonlinearityresultsfromcouplingbetweenin-planestretching
andout-of-planebending,whereas thequadraticnonlinearityresults
from the unsteady heating effect.

Results
In the numerical results, the recovery factors are varied inde-

pendently. In this way, the exact panel temperature should lie in
between the bounds established by the extremum for the recov-
ery factors. By addressing the physical problem in this manner, the
matter of the characteristic thermal time h2=®D is temporarily set
aside. That is, when the ratio of the characteristic thermal time to
the period of vibration is large, the unsteady heating effect may be
negligible. Bifurcation diagrams, long-time histories, power spec-
tra, and phase-planeplots are the tools used in studying the system.

The phase plane represents the panel transverse displacement vs
velocity, evaluated at x=a D 0:75. In previous analyses, this point
was shown to correspondto the maximal de� ection for the � uttering
panel. The ordinate for the power spectral density Pw is plotted with
a linear scale, whereas the abscissa gives a frequency index X such
that

Qf D X=2m1t .34/

where Qf is the nondimensional frequency. In this relation, m is an
integer that controls the spectral resolution, and 1t is the sampling
interval.

Whereas some variables are determined by the choice of ma-
terial, others are in� uenced by the construction method of the
panel and support structure. These include the axial rigidities of
the panel and support structure and the support stiffness. The val-
ues taken here and material properties for Rene-41 are summa-
rized in Appendix B (Table B1). Also for the case considered here
.R E

x D 0; h=a D 0:004, M1 D 4, ho D 15 km, ¸ D 52:6; 1ps t D 0/,
2 D 1 ¡ .®s C R®p/=.®p.¯k C R// D 0:463.Note that2 varieswith
the panel thicknessthroughthe parameter¯k . Six modesare retained
in thebasicmodel.Earlier studieshaveshownthat two-modemodels
will give an incorrect � utter boundary, whereas four-mode results
are essentially correct.

In the aerothermoelastic model developed here, the parameter
R f 2 [0; 1] determines, in large part, the magnitude of the thermal
compressivestress.With respect to the externalin-planeloadof clas-
sical panel � utter studies, the axial thrust term here can be several
orders of magnitude larger than previously considered.One conse-
quence is that direct numerical integration over the entire relevant
parameter space is not feasible. Essentially, the step-size require-
ment limits the usefulness of procedures such as � xed step-size
Runge–Kutta methods. Hence a supplemental procedure must be
found for aerothermoelasticstudies.

Continuation Method
As indicated in the preceding section, the nondimensional in-

plane load will vary over several orders of magnitude for R f 2
[0; 1]. This large variation in the physics of the problem ex-
poses some numerical dif� culties for a � xed-step-sizeRunge–Kutta
method. One problem is that, in order to converge to the solution
for even moderate values of the in-plane compressive stress, an ex-
tremely small integration time step must be used. This results in
an error due to the method that is less than machine precision. For
certain nonlinear ordinary differential equations (ODEs), an alter-
natemethodis pseudoarclengthcontinuation(AUTO). Continuation
methods, which can be thought of as predictor–corrector methods,
show how solutions vary with a parameter. Brie� y, a continuation
method proceeds from a system of � rst-order differential equations
containing at least one free parameter. Starting from a known solu-
tion, incrementing the free parameter introduces a perturbation to
the vector � eld. In this way, the adjacent solution on the branch is
sought. The step size is the pseudoarclength(in which the distance
from the known solution to the next solution on the branch can in-
clude all state variables and free parameters). The predictor step is
a low-order approximation to the branch. Next, each predictor step
is corrected by iterating toward the branch with a Newton/Chord
method. Local existenceof the solution branch can be inferred with
the Implicit Function Theorem. In this way, equilibrium solution
branches are determined as the zeros of the vector � eld. Under
certain conditions, the stability of the critical point Nx may be de-
termined from the linear approximation or the linear variational
equation about Nx . That is, when Nx is a hyperbolic critical point, the
linear variational equation is suf� cient to determine stability. [For
the differential equation Px D f .¸; x/, where ¸ is a parameter and
f .¸o; Nx/ D 0; Nx is called a hyperboliccriticalpoint if f 0.¸o; Nx/ 6D 0.
If f 0.¸o; Nx/ D 0, then Nx is called a nonhyperbolicor degeneratecrit-
ical point; also, Nx is asymptotically stable if f 0.¸o; Nx/ < 0 and is
unstable if f 0.¸o; Nx/ > 0.] This is a local type of stability analysis.
For nonhyperbolic critical points, stability depends on nonlinear
terms in the Taylor expansion of the vector � eld. Numerical anal-
ysis using AUTO is covered in detail by Doedel et al.,20;21 and an
introduction to continuationmethods is given by Seydel.22
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Equation (33) is recast as a system of coupled, � rst-order ODEs,

Pyi D yi C n mode

Pyi C n mode D ¡
³

¹¸

M1

´ 1
2

yi C n mode C CPyi .i¼/2

¡ yi .i¼/4 ¡ ¸
£
F 1

i .yi /
¤

¡ 3

"
n modeX

k D 1

y2
k .k¼/2

#
yi .i¼/2

C
h

a

QRu

1 ¡ º

³
¹

¸M1

´ 1
2 £

F2
i .yi C n mode/

¤
yi .i¼/2 (35)

where i D 1; 2; : : : ; n mode and n mode is the number of Galerkin
modes retained in the formulation. The nondimensional in-plane
load represented by CP, i.e., a free parameter here, is given as

CP D
µ

R f

³
° ¡ 1

2

´
M2

1
T1

Tcr
C

³
T1 ¡ Tref

Tcr

´¶
2

D 3116:7 £ R f ¡ 321:3 (36)

a) Six-mode model, ¸ = 52:6, Ru = 0:5

b) Periodic solution
Fig. 3 Bifurcation diagram for Ru = 0:5; ¸ = 52:6 indicating a) equilibrium solutions and b) Hopf bifurcation showing periodic solution. [Dots bound
the minimum and maximum extent of U(1) for the periodic motion.]

Also, the F1
i .yi / are nonlinear functions associated with the geo-

metric nonlinearity, whereas the F2
i .yi C n mode/ are linear functions

of the generalizedvelocities.Both F1
i and F2

i are straightforwardto
generate.

Attractors and Bifurcations
Figure 3a shows a partial system bifurcationdiagramfor the equi-

librium solutions.The ordinateU .1/ is the displacementof the � rst
generalized coordinate, and the diagram is traced out as a function
of the steady in-plane load. U .1/ is used to represent the panel dis-
placement, although to be correct, w.x; t/ is found by summing
all of the generalized coordinates multiplied by their correspond-
ing mode shapes as indicated in Eq. (32). In this case, the higher
modes are found to have smaller amplitudes than for the � rst two
modes (at least with regard to the stable equilibria). Notable events,
highlighted with numbers in Fig. 3a, signify either bifurcations or
branch endpoints.The diagram is incomplete in the sense that addi-
tional solution branches, indicated by the numbered labels, are not
shown. This was done to simplify Fig. 3a. It can be shown that all
equilibrium branches not shown are unstable and are, therefore, of
secondary importance to this study. The � at stable solution encoun-
ters a supercriticalpitchforkbifurcationfor CP ¼ 11:7. This event is
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Fig. 4 Long-time history for stable equilibrium solution: Rf = 0:293,
Ru = 0:5, dt = 5:e ¡ 5.

noted as label 1 in Fig. 3a. Note, becauseonly positivevalues of CP
(correspondingto compressivestress)were considered,a localmag-
ni� cation, not shown, would be required to resolve this bifurcation.
Stable equilibria are indicated with a solid line, whereas unstable
equilibriaare indicatedwith a dashed line. Open squaresymbols de-
note bifurcationsto equilibria,whereas solid squaresymbols denote
bifurcations to periodic motions.

InFig.3, Ru D 0:5. Thus, a portionof theunsteadythermalheating
effect is included in the thermal stress model. For very small val-
ues of the control parameter, it is evident that both the up-buckled
and down-buckledequilibriumsolutions are stable. Of course, both
solutions cannot exist simultaneously,and the initial condition will
determine which solution is realized. The down-buckled solution
branch is seen to continue uninterrupted as the control parame-
ter is increased. Direct numerical integration veri� es this behav-
ior (Fig. 4). Note that the value of the recovery factor is indicated
as R f D 0:293. This corresponds to CP ¼ 600. For the up-buckled
branch, a supercriticalHopf bifurcation is encountered.The branch
of stable periodic solutions emanating from the Hopf bifurcation
(Fig. 3b, label 9) represents a limit cycle and is shown with solid
dots. Stability can be determined by the moduli of the Floquet mul-
tipliers of the linearizedPoincaré map. For the stable periodic solu-
tion, the extent of U .1/ is bounded, as indicated by the solid dots.
As seen, the stable periodic regime is short lived and is terminated
at a saddle node of periodic orbits.

To verify the AUTO results, the equations are numerically inte-
grated with a fourth-order Runge–Kutta method. For values of the
parameter for stable periodicmotion indicated in Fig. 3b, the equiv-
alent recovery factors are R f 2 [0:1239; 0:1275]. This rather small
range for R f should serve to emphasize that, to explore the parame-
ter space in any detail with numerical integrationonly, an enormous
computational program would be required. By using larger step
increments in parameter space, many details of the attractors and
bifurcations would be lost. For R f ’ 0:1239, a supercritical Hopf
bifurcation is encountered. The trademark of this bifurcation is a
limit cycle of zero amplitudeas the bifurcationpoint is encountered.
As the control parameter is increased, the amplitude of the limit cy-
cle grows like the squarerootof thedistanceof thecontrolparameter
from the bifurcation point. To � rst order with respect to the control
parameter, the period of the motion is constant. In Fig. 5a, the equi-
librium solution is about to encounter a Hopf bifurcation. A small
limit cycle is created as the bifurcation point is crossed. In Figs. 5b
and 5c, the phase trajectory and power spectral density are shown.
The limit cycle is structurallystable, and the amplitudegrows as the
control parameter is increased (Fig. 5d). The corresponding spec-
trum, not shown, is indeed constant with respect to distance from
the bifurcation point. Eventually (Fig. 5e), the limit cycle becomes
unstable and is replaced by an equilibrium solution. That is, for

suf� cient temperature rise in the panel additional heating stops the
� utter motion, and the panel remains in the buckled-stableposition.

The nondimensional frequency Qf is approximately 6.25 and
QT D 1= Qf D 0:16. This is precisely the value of the period given by
AUTO. Hence, results of the numerical integrations and AUTO are
in full agreement. It is also of interest to compute the actual period
T so that this characteristic time of oscillation may be compared to
the characteristic thermal time. The period (in seconds) is related to
the nondimensionalperiod by

QT D T=¿; ¿ D
q

a4½ph=D D 0:16 .37/

Hence T D 0:0256 s and f D 1=T ¼ 39 Hz. De� ning ´ as the ratio
of the characteristic thermal time to the period of oscillation,

´ D
h2=®D

T
¼ 158

Therefore, for the small values of the in-plane load for which the
limit cycle is stable, the period of vibration is O.102/ smaller than
the characteristic thermal time.

Perfect Thermal Communication
For Ru D 1:0, this condition implies that the � uid sublayer and

panel are in perfect thermal communication. That is, the panel
midplane unsteady temperaturecomponent follows the temperature
change in the � uid sublayerwith zero phase lag. Also, the unsteady
temperature contribution is increased. Thus, for a buckled-stable
panel and prior to any � uttering motion, the panel temperature is
increased due to the pro� le shape term in Eq. (14). This makes the
panel more susceptibleto � utter. Hence, the stable Hopf bifurcation
should be encounteredearlier with respect to the control parameter.
This is shown in Fig. 6a (label 9). Figure 6b shows the evolution
of the stable periodic solution. As was the case for Ru D 0:5, all
other periodic solution branches represent unstable periodic mo-
tions, for example, at label 10. The corresponding steady recovery
factor is R f 2 [0:1090; 0:1108]. The frequency of the motion very
near to the bifurcation point is approximately 11.1 Hz. Just before
the periodic solution becomes unstable, it is 7.4 Hz. Hence, ´ ¼ 45.
Therefore, the characteristic thermal conduction time is still an or-
der of magnitude larger than the period of oscillationeven when the
� uid sublayer and panel are assumed to be in perfect thermal com-
munication. These results have been veri� ed by direct numerical
integration but are not shown here for brevity.

Time Constants for the Dynamical System
The results so far show that the characteristic thermal conduc-

tion time is at least an order of magnitude larger than the period
of oscillation. This result is exacerbated as the frequency of oscil-
lation increases. This suggests that unsteady thermal effects may
be negligible. On the basis of this physical argument, it would ap-
pear reasonable to exclude the unsteady thermal contribution in the
thermal stress calculation.Therefore, the continuationmethod is ap-
plied to the aerothermoelasticmodel but with the unsteady thermal
model removed (Ru D 0). The modi� ed model is similar in form to
that given in Eq. (35). The bifurcation diagram is shown in Fig. 7.
Blowups of this bifurcationdiagramwould reveal additionaldetails.
However, as was the case earlier, the additional solution branches
were found to be unstable and, therefore, unrealizable; hence, they
are not shown here. It is seen that the response is dominated by a
stable � xed-point attractor. Additionally, both the up-buckled and
down-buckled branches are stable throughout the entire parameter
range. Furthermore, no bifurcations to periodic solution branches
are encountered.Note, it can be shown that the bifurcationdiagram
for the six-mode classicalpanel � utter model is qualitativelysimilar
to that shown in Fig. 7.

Finally, an eight-mode modi� ed aerothermoelastic panel � utter
model is analyzed using the continuation method. The bifurcation
diagram, not shown here, is similar to that shown in Fig. 7 with
the exception that two additionalbifurcations to equilibria are seen.
However, the branchesare unstableand, therefore,unrealizable.All
other details (including critical points and amplitudes) are similar
with regard to the six-mode model. This indicates that six modes
will accurately represent panel � utter behavior.
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a) Rf = 0:1239, Ru = 0:5

b) Rf = 0:1246, Ru = 0:5

c) Rf = 0:1246, Ru = 0:5

d) Rf = 0:1268, Ru = 0:5

e) Rf = 0:1272, Ru = 0:5

Fig. 5 Evolution of supercritical Hopf bifurcation for six-mode aerothermoelastic panel � utter model: Ru = 0:5 and ¸ = 52:6.
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a) Six-mode model, ¸ = 52:6, Ru = 1:0

b) Periodic solution
Fig. 6 Bifurcation diagram for Ru = 1:0; ¸ = 52:6 indicating a) equilibrium and b) periodic solutions.

Fig. 7 Bifurcation diagram for Ru = 0; ¸ = 52:6 indicating equilibrium solutions for six-mode modi� ed aerothermoelastic panel � utter model: ——,
stable, and - - - -, unstable.
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Conclusion
A nonlinearpanel � utter formulation has been developed that in-

cludestwo distinctheat transfermechanisms.One is a steadyviscous
effect due to aerodynamic heating, and the other can be thought of
as a time-dependent inviscid effect due to local � ow over the panel.
When the panel is � at stable, the latter term does not contribute to
heating of the panel. In this formulation, two main parameters for
panel � utter (compressivestress and a dynamic pressureparameter)
are not wholly independent but are coupled to the external con-
ditions. The static and post� utter behavior have been analyzed by
direct numerical integration and by applicationof a numerical con-
tinuationprocedure.The latter procedureis especiallyef� cient with
respect to numerical integration when the parameter space under
consideration is large, as it is here. Fundamentally, this is because
the solution space is mapped out from a known solution rather than
an initial condition. In this way, the transient portion of any calcu-
lation is avoided. Indeed, the differential equation is not integrated
at all. A new periodic attractor is uncovered and is shown to be
due to inclusionof the inviscid heat transfermechanism formulated
here. However, it is shown that the characteristic time of oscilla-
tion is at least an order of magnitude smaller than the characteristic
thermal conduction time. Hence, it appears reasonable to neglect
the inviscid model altogether. In this way, it is shown that aerody-
namic heating is the dominant heat transfer mechanism of the two
considered.

Appendix A: Nondimensional Variables
The nondimensionalvariables are as follows:

Qw = w=h
Qx = x=a
RE

x = a2 N E=D
Qt = t=¿; ¿ D

p
.a4½ph=D/

Dt w = .w;x C w; t=U1/
QDt w = .a=h/Dt w D [ Qw; Qx C .¹=¸M1/1=2 Qw; Qt ]

¹ = ½1a=½ph
QT = T=Tc;
Tc = D=.Eha2®p/

1 QT f = . QT1 ¡ QTref/ C QR f

1 QTu = QRu
QDt w

QR f = R f .° ¡ 1/=2M2
1

QT1
QRu = Ru.° ¡ 1/M1 QT1

1 Qp = 1p=pc; pc D Dh=a4

2 = 1 ¡ .®s C R®p/=[®p.¯k C R/]

Note that QT1 is taken at altitude and QTref is referenced to sea level.

Appendix B: Material Properties for Rene-41

Table B1 Properties

Parameter Value

Density, kg/m3 8250
Poisson ratio 0.31
Coef� cient of thermal expansion, oC¡1 14:3e¡06
Young’s modulus, GPa 217.9
Thermal diffusivity, m2/s 3:97e¡06
R 0.2
ks , GPa 1.0
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